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I) Definition of Long and Short positions:

One has a long position on an asset if he owns that asset. For instance, if I have a stock of company A which is $10 worth, this means I have a long position on one stock of company A. I lose on this stock if the stock price fall and I gain if the stock price increases. 

Short position is a position that is assumed when traders sell shares that they do not own and then purchase them back at a later date. Short selling is selling securities that are not owned yet and then purchase them back at a later date. For a more understandable explanation lets examine on an example:

Suppose an asset is worth $10 at the beginning of the period and $9 at the end of the period. To short sell this asset we need to borrow it at the beginning of the period, thus obtaining $10 and at the end of the period we repurchase the asset for $9, so we have a $1 profit. Therefore, Short sellers profit if the asset price drops in the intervening time.

As a result, If one knows that price of a particular security will rise then a long position (buying the security) will bring profit, else if one knows that the price of the security will drop then having a short position will bring a profit. 

II)  Expected Return, Variance of Return, Correlation of Assets
Two of the most important concepts in investing are return and risk. If returns of securities are viewed as random variables, then reward of the portfolio can be measured as the expectation, or mean, of the portfolio return and its risk can be measured as the variance of the portfolio return. Of course, many other approaches are possible, but mean-variance analysis is one of the simplest and most powerful. This approach was suggested by Harry Markowitz, who won the Nobel prize in economics 1990 for his work in this area in the late 1950’s as mentioned later.

Let St be the price of security S at time t and So the price at time t = 0 (initial time). Then return of this security between time 0 and time t is equal to:

Return   =   
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Or in other words investor’s return is: {final worth – initial worth}/ initial worth

Let R be the return of security S, and if we don’t know the future return of security S exactly, then R is a random variable. Hence, there is an unknown future. We use a model of the unknown future as illustrated below:
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Pi: i from 1 to m are the probabilities of each scenario. Assume they are all equal to 1/m. 

Ri: i from 1 to m are the returns of security S in each scenario. 

So R, which is the random return of security S can be expressed in terms of, expected return 
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, which is:

Expected Return:

E(R) =
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 =  P1*R1 + P2*R2 + ……. + Pm* Rm  = (R1 + R2 + ……+ Rm) / m {Sample average as Pi values are all equal to each other}

Variance and standard deviation are measures of how widely the sample of data points are scattered. Here if we try to find out the variance of R, return of security S, we only need to find out the sample variance.

Var (R)  =  
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Var (R) can also be expressed as 
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. As standard deviation is square root of variance,  
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is standard deviation of the return (R) of security S. Standard deviation of an asset may also be called volatility.

Lets take another security A, which has a random return RA . We already have security S that has a return R and now lets say the return of security S is RS in order to be apparent. As RA and RS are random return variables of security A and S respectively, we may define the correlation between these two random returns.  

Correlation coefficient from statistics is a measure of the strength of the relation between two random variables. Correlation, 
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, is always between 1 and –1. A correlation above zero means there is a positive relation between the two random variables and a correlation below zero means there is a negative relation. 

So if we say that 
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AS is the correlation between RA and RS, this coefficient denotes the relation between the returns of the two securities. 

II) Various Definitions of Risk

Uncertainty about a situation can often indicate risk, which is the possibility of loss, damage, or any other undesirable event. Most people desire low risk, which would translate to a high probability of success, profit, or some form of gain. 

Risk is the possibility of loss, damage or any undesirable event.

Thus, there are two points to keep in mind when analyzing risk:

1. Where is the risk?

2. How significant is the risk?

Once the risks have been identified, a model can help to quantify the risks, quantifying risk means defining risk in a numerical measure, to help you decide whether a risk is worth taking. For example, if there is a 25% chance of running over schedule, costing you a $100 out of your own pocket, that might be a risk you are willing to take. But if you have a 5% chance of running over schedule, knowing that there is a $10,000 penalty, you might be less willing to take that risk. 

There are different approaches to quantify the risk and investors always want to hedge to reduce the risk associated with an investment. In order to minimize the risk there are many ways such as:

· Minimization of Probability of loss

· Minimization of Expected total value of loss (Average Downside Risk)

· Minimization of squared dollar loss

· Minimization of the variance (
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) of the investment.

In Finance theory, Variance or standard deviation (volatility) of an investment are usually interpreted as the risk. In fact, minimization of the variance of an investment is not necessarily intuitive. It penalizes above average returns as well as below average returns.1 The advantage of taking the volatility as risk is that most of the time there is a closed form of solution. 

IV) Risk versus Return Relation (Betting wheel example)

In order to cover the risk-return relationship I want to give an example and explain the relation with the help of this example.

Betting Wheel: A betting wheel is divided into 3 sections A,B,C respectively. Each spin of betting wheel results in one section. 


Initially you bet an amount of money. And due to the section that the spinning results an award is given. Awards are:

· 2 times the initial value invested is given if Section A comes

· 6 times the initial value invested is given if Section B comes

· 18 times the initial value invested is given if Section C comes.

And also Section A comes with probability of 1/2. Section B comes with probability of 1/3 and Section C comes with probability of 1/6.  

Now, Assume that we will bet $8.66 dollars initially. If one wants to gain money from this betting wheel with out any risk then the strategy is:

Bet $0.66  on Section C, $2 in Section B, $6 in Section A. whatever the result we always gain $12. So risk free rate of return in this strategy is 33%.

Also it is obvious that if we bet all of the money on section C, we get the highest return, but the risk of losing is also the highest. From this point we can say that generally there is a positive relation between risk and return.

III) Sharpe Ratio and Market Price of Risk

As we have defined in the previous section there is a positive relation between risk and return. Therefore a higher return brings a higher risk. Depositing the money in a commercial bank is a risk less investment and the return is called risk free rate (interest rate). 

For an investment to be attracted by the investors there should be a spread between the return and the risk free rate. Hence, there is an accompanying risk with the return higher than the risk free rate. Suppose an investment on stocks of company A with the expected return and volatilities of 
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 respectively. RA can be defined as:
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Where r is risk free rate and ( is the market price of risk of stock A. The market price of risk measures the trade-offs between risk and return for stock A. For an intuitive understanding of the above equation, 
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 is the quantity of risk present in Stock A. so we multiply it by the market price of risk. The left hand side of the equation is the expected return of Stock A that is required to compensate for this risk. 

From the above equation we can say that 

                                                             ( = 
[image: image16.wmf]A

A

r

R

s

-


Right hand side of the equation is also called Sharpe ratio. The interpretation of the 

Sharpe ratio will be given in the following sections. In short, a higher Sharpe ratio means a higher market price of risk, which also implies a higher award for the risk that is undertaken. 

IV) Minimum Variance Portfolio (Markowitz Theory) and Efficient Frontier
Consider two assets with expected returns R1, R2 and variance structure given by 
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. And also lets say we invest 100( percentage ( Think the whole capital to be invested as 1 then ( is the proportion that is invested in asset 2.) of our money on Asset 2. Then the resulting portfolio has return:
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And also the variance of the portfolio return is given by Var (RP(()) or 
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. The standard deviation of the portfolio with ( percentage invested in asset 2 is given by the formula following:
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 EMBED Equation.3  [image: image22.wmf])
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here ( is the correlation between R1, R2. The minimum variance portfolio can be found easily by taking the derivative of the above function with respect to ( and make it equal to zero. If we draw the risk return relation ship of the two assets with changing ( values is below (Correlation is taken as 0.5):
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Markowitz Theory

Harry Markowitz won a Nobel Prize based on the formulation and the analysis of the following program:


Minimize  Risk (= Variance)

Subject To

Expected Return of the Portfolio = R

All Capital is invested

End

Min 
[image: image25.wmf]A

2

s


Subject To

 RP = R
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This formulation simply gives the minimum variance portfolio for the specified level of expected portfolio return. By changing the R values we get the corresponding minimum variance and if we graph it on the Risk-Return space we get the efficient frontier.

The shape of the efficient frontier changes due to the correlation of the assets in the portfolio. Here, I will analyze three conditions on the two-asset portfolio mentioned above (The model is in fact for n assets, for simplicity I take 2 assets) when correlation is –1,0 and 1 between two assets.

Case1: Correlation is 0. 
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Case 2: Correlation is 1: 
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Case 3: Correlation is –1.:
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The two-asset portfolio has two risky assets. In real life we also have the opportunity to invest our money by making deposits on commercial banks and gain risk free interest rate. If we take into account this fact, our efficient frontier changes. Now, consider that we have the two previous risky assets and we have the alternative of using risk free rate. As risk free rate has no relation with the risky assets because whatever happens we get the risk free rate. Hence the correlation (relation) between the risk free rate and the other two returns is 0. We may think our new portfolio consisting of 3 assets, the previous two risky assets and having the chance to deposit the money with the risk free interest rate. 

As a result the efficient frontier becomes:








V) Capital Asset Pricing Theory (CAPM)

The CAPM is a cornerstone of financial economics. It answers a puzzle that had intrigued many economists. What is the risk return relationship for specific assets and for portfolios of assets. CAPM concludes that (under some assumptions to be stated shortly) in equilibrium the tangent portfolio is the market portfolio2 and resulting in:

Ri = r + (i . (Rm – r)

Where Rm is the return of the market portfolio, Ri is return of asset i. And (I is the beta of asset i.  

Two main conclusions of CAPM are:

-  The market portfolio is efficient (in fact it has the highest sharpe ratio)

- The CAPM gives a pricing formula that relates the excess return of a security or a portfolio to that of the excess return of the market.

Assumptions of CAPM:

1) There are no transaction costs.

2) Absence of personal income tax

3) Individuals cannot affect prices by buying and selling

4) Assets are infinitely divisible

5) Individuals make decisions in terms of means and variances

6) Short sales are allowed

7) Borrowing and lending at risk free rate

8) All investors have same one-period horizon

9) All investors have same risk free rate and all of them know the relationship of assets in the same manner

“ The relevant question to ask about assumptions of a theory is not whether they are descriptively realistic, for they never are, but whether they are sufficiently good approximations for the purpose in hand. And this question can be answered only by seeing whether the theory works, which means whether it yields sufficiently accurate predictions” (Milton Friedman, Nobel Prize in Economics 1976)
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1 To cite an extreme example, suppose an investor is given the choice between the portfolio A that has a meanreturn of 20% and a standard deviation of 0.1% and portfolio B has a mean return of  6% and a standard deviation of 0%. Surely the investor would prefer portfolio A. However, according to the minimum variance criterion, portfolio B would be preferred. The minimum variance criterion does not take into account the absolute level of returns.


2 The market portfolio is a portfolio consisting of all securities where the proportion invested in each security corresponds to its relative market value. The relative market value of a security is simply equal to the aggregate market value of the security divided by sum of the market value of all securities.
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		Two Assets Portfolio.xls

		Asset				1		2

		Mean Returns				5%		15%

		Standard Deviations				3%		20%

		Correlation				0.00

		alpha				standard deviation		mean return

		0.00		1		3.0%		5.0%

		0.03		0.975		3.0%		5.3%

		0.05		0.95		3.0%		5.5%

		0.08		0.925		3.2%		5.8%

		0.10		0.9		3.4%		6.0%

		0.13		0.875		3.6%		6.3%

		0.15		0.85		3.9%		6.5%

		0.18		0.825		4.3%		6.8%

		0.20		0.8		4.7%		7.0%

		0.23		0.775		5.1%		7.3%

		0.25		0.75		5.5%		7.5%

		0.28		0.725		5.9%		7.8%

		0.30		0.7		6.4%		8.0%

		0.33		0.675		6.8%		8.3%

		0.35		0.65		7.3%		8.5%

		0.38		0.625		7.7%		8.8%

		0.40		0.6		8.2%		9.0%

		0.43		0.575		8.7%		9.3%

		0.45		0.55		9.2%		9.5%

		0.48		0.525		9.6%		9.8%

		0.50		0.5		10.1%		10.0%

		0.53		0.475		10.6%		10.3%

		0.55		0.45		11.1%		10.5%

		0.58		0.425		11.6%		10.8%

		0.60		0.4		12.1%		11.0%

		0.63		0.375		12.6%		11.3%

		0.65		0.35		13.0%		11.5%

		0.68		0.325		13.5%		11.8%

		0.70		0.3		14.0%		12.0%

		0.73		0.275		14.5%		12.3%

		0.75		0.25		15.0%		12.5%

		0.78		0.225		15.5%		12.8%

		0.80		0.2		16.0%		13.0%

		0.83		0.175		16.5%		13.3%

		0.85		0.15		17.0%		13.5%

		0.88		0.125		17.5%		13.8%

		0.90		0.1		18.0%		14.0%

		0.93		0.075		18.5%		14.3%

		0.95		0.05		19.0%		14.5%

		0.98		0.025		19.5%		14.8%

		1.00		0		20.0%		15.0%

		1.03				20.5%		15.3%

		1.05				21.0%		15.5%

		1.08				21.5%		15.8%

		1.10				22.0%		16.0%

		1.13				22.5%		16.3%

		1.15				23.0%		16.5%

		1.18				23.5%		16.8%

		1.20				24.0%		17.0%

		1.23				24.5%		17.3%

		1.25				25.0%		17.5%
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		Two Assets Portfolio.xls

		Asset				1		2

		Mean Returns				5%		15%

		Standard Deviations				3%		20%

		Correlation				(1.00)

		alpha				standard deviation		mean return

		0.00		1		3.0%		5.0%

		0.03		0.975		2.4%		5.3%

		0.05		0.95		1.9%		5.5%

		0.08		0.925		1.3%		5.8%

		0.10		0.9		0.7%		6.0%

		0.13		0.875		0.1%		6.3%

		0.15		0.85		0.5%		6.5%

		0.18		0.825		1.0%		6.8%

		0.20		0.8		1.6%		7.0%

		0.23		0.775		2.2%		7.3%

		0.25		0.75		2.8%		7.5%

		0.28		0.725		3.3%		7.8%

		0.30		0.7		3.9%		8.0%

		0.33		0.675		4.5%		8.3%

		0.35		0.65		5.1%		8.5%

		0.38		0.625		5.6%		8.8%

		0.40		0.6		6.2%		9.0%

		0.43		0.575		6.8%		9.3%

		0.45		0.55		7.4%		9.5%

		0.48		0.525		7.9%		9.8%

		0.50		0.5		8.5%		10.0%

		0.53		0.475		9.1%		10.3%

		0.55		0.45		9.7%		10.5%

		0.58		0.425		10.2%		10.8%

		0.60		0.4		10.8%		11.0%

		0.63		0.375		11.4%		11.3%

		0.65		0.35		12.0%		11.5%

		0.68		0.325		12.5%		11.8%

		0.70		0.3		13.1%		12.0%

		0.73		0.275		13.7%		12.3%

		0.75		0.25		14.3%		12.5%

		0.78		0.225		14.8%		12.8%

		0.80		0.2		15.4%		13.0%

		0.83		0.175		16.0%		13.3%

		0.85		0.15		16.6%		13.5%

		0.88		0.125		17.1%		13.8%

		0.90		0.1		17.7%		14.0%

		0.93		0.075		18.3%		14.3%

		0.95		0.05		18.9%		14.5%

		0.98		0.025		19.4%		14.8%

		1.00		0		20.0%		15.0%

		1.03				20.5%		15.3%

		1.05				21.0%		15.5%

		1.08				21.5%		15.8%

		1.10				22.0%		16.0%

		1.13				22.5%		16.3%

		1.15				23.0%		16.5%

		1.18				23.5%		16.8%

		1.20				24.0%		17.0%

		1.23				24.5%		17.3%

		1.25				25.0%		17.5%
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		Asset				1		2

		Mean Returns				5%		15%

		Standard Deviations				3%		20%

		Correlation				1.00

		alpha				standard deviation		mean return

		0.00		1		3.0%		5.0%

		0.03		0.975		3.4%		5.3%

		0.05		0.95		3.9%		5.5%

		0.08		0.925		4.3%		5.8%

		0.10		0.9		4.7%		6.0%

		0.13		0.875		5.1%		6.3%

		0.15		0.85		5.6%		6.5%

		0.18		0.825		6.0%		6.8%

		0.20		0.8		6.4%		7.0%

		0.23		0.775		6.8%		7.3%

		0.25		0.75		7.3%		7.5%

		0.28		0.725		7.7%		7.8%

		0.30		0.7		8.1%		8.0%
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