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A derivative is a financial instrument whose value depends on the values of other, more basic underlying variables. A stock option for example, is a derivative whose value is dependent on the price of a stock. 

OPTIONS:

Call Option:

A call option gives the holder the right to buy the underlying asset by a certain date for a certain price. The price in the contract is known as the exercise price or strike price. The date in the contract is known as the maturity or expiration date. American call option can be exercised at any time up to the maturity. European option can be exercised only on the expiration date.

If we assume that ST is the stock price at time T which is the maturity date then the payoff of the European stock call option will be Max(ST-K,0).
Suppose a European call option with a $100 strike price and option price $5. The profit graph from the option is like:
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Where K = Strike Price.

A trader who is expecting an increasing stock price, would like to buy call option in order to gain.

Put Option:
A put option gives the holder the right to sell the underlying asset by a certain date for a certain price. The payoff of the European put option is Max(K-ST,0).

Suppose a put option with K =  $100 (strike price) and option price of $5. The graphical representation would be:
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A trader who is expecting a falling stock price would buy a put option to gain.

HOW OPTIONS ARE PRICED

Risk-Neutral valuation:

In a risk neutral world all individuals are indifferent to risk. Risk does not worth any money or we can say that market price of risk is zero. There is no compensation for risk. An important general principle in option pricing is that options are priced in a risk neutral world where all the securities earn the risk free rate. And the resulting option prices are correct not just in a risk neutral world, but in the real world as well. Please write the brief explanation of the risk neutral pricing below:

Black Scholes Model:

As we have mentioned before we assume that the stock prices follow geometric Brownian motion. 
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from the equation above we get:    


The price of the European option (call) can be modeled as:
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From a tedious calculus you see that the option price c is found as:


[image: image3.wmf])

(

)

(

2

1

d

N

Ke

d

N

S

c

rT

o

-

-

=


where 
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This is the famous formula that Black-Scholes won the Nobel prize in 1998. The most important result is that whatever the return of the underlying security, the price of the option only depends on the volatility, initial stock price, strike price, time and the risk free interest rate.

There are also some underlying assumptions:

· There is a constant continuously compounded interest rate r.

· Stocks can be bought and sold continuously in small units without transaction costs or taxes

· The stock pays no dividends

Binomial Trees:

Our discussion of option pricing has been based on continuous price movements descried by a lognormal distribution. It is often convenient, both conceptually and computationally, to approximate this continuous description of stock movements with a model in which stock prices make discrete movements at discrete time instants. Suppose time is divided into small time increments of (t. In each time increment, the stock price can either increase by a factor of u or decrease by a factor of d with corresponding probabilities. Simply below:

So goes up to uSo with probability p or goes down with probability 1-p to dSo

We have seen that standard European options can be priced according to the Black Scholes formula. For more complex options, it is not always possible to find a formula for the option price, even though the price is still given by the risk neutral expected present value of the option’s payoff.

So when a formula is not available, the binomial method often provides a powerful tool for carrying out the expected present value calculation. The tree is constructed and then according to the final values of the stock prices, the probable prices of the option is calculated and these prices are taken to the present time if the option can only be exercised at the end. Else if the option can be exercised up to maturity then there is extra calculation at every node of the tree.

 A simple example is shown below for the European call option:
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Monte Carlo Simulation:

Monte Carlo simulation is a general tool for pricing options. Pricing a standard European call means evaluating the expected value 

C = E[e-rTmax{ST-K,0}]

to approximate this expected value by simulation, we need to generate a sequence of terminal stock prices ST1, ST2,……,STn where n is the number of simulation replications we want to carry out. Each STi can be generated from the formula:
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And our estimate can be found with the following way:  

            
[image: image8.wmf]{

}

(

)

å

=

-

-

=

n

i

i

T

rT

K

S

e

n

C

1

0

,

max

1

ˆ


A simple example will be shown on Microsoft excel with crystal ball
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For further questions please mail to haluk@columbia.edu
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